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Abstract 

We investigate the geometry of four dimensional black hole solutions in the presence 
of stringy higher curvature corrections to the low energy effective action. For certain su- 
persymmetric two charge black holes these corrections drastically alter the causal structure 
of the solution, converting seemingly pathological null singularities into timelike singular- 
ities hidden behind a finite area horizon. We establish, analytically and numerically, that 
the string-corrected two-charge black hole metric has the same Penrose diagram as the 
extremal four-charge black hole. The higher derivative terms lead to another dramatic 
effect - the gravitational force exerted by a black hole on an inertial observer is no longer 
purely attractive! The magnitude of this effect is related to the size of the compactification 
manifold. 



November 2004 



veronikaQberkeley . edu, maloneyfislac . Stanford . edu, mukundOso crates . berkeley . edu 



Contents 

[l] Introduction [I] 

|2] Review of Supersymmetric Attractor Mechanism [5] 

\2.1. Basic Setup |5| 



2?2\ Black Hole Solutions § 

2A| Calabi-Yau Black Holes jfj 

|2~Z1 The £T3 x T 2 Example | 

|3~| Black Hole Solutions: General Structure [|| 

|3.1. Leading Order Solutions 10 



3.2.| Asymptotic Behavior |ll 



|3.3. Horizons and Singularities 13 



fi~| Black Holes Solutions: Detailed Analysis 13 

|4.1.| Numerical Solutions 13 

|4.2.| Non-Monotonic Metric Functions 15 



|4.3. Causal Structure 17 



|sT| Discussion 18 



1. Introduction 

The physics of black holes has revealed many fascinating insights into the workings of 
quantum gravity. One of the most important observations, due to Bekenstein and Hawking, 
is that a black hole should be assigned an entropy equal to one quarter its horizon area, 

S = A/4. (1.1) 

Strominger and Vafa showed that, for certain supersymmetric black holes, this entropy may 
derived microscopically in string theory JIJ . They considered black holes with regular event 
horizons, whose large in Planck units. This insight followed the remarkable paper 

of Sen , who studied four dimensional black hole solutions of heterotic string theory that 
classically have singular event horizons with zero area. The entropy of such black holes, 
which may be counted microscopically in string theory, is nevertheless non-zero. Sen 
conjectured that in this case string theoretic corrections lead to a finite area horizon, and 
used a brick wall model to reproduce the microscopic entropy up to a numerical coefficient. 
This idea, that quantum corrections should render sensible an apparently singular solution 
of general relativity has a rich history in string theory. In this paper we will consider a class 
of quantum corrections, which induce higher curvature terms quadratic in the Riemann 
tensor in the low energy effective action. For a wide class of black holes, these higher 
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curvature corrections are sufficient to convert previousiy singuiar solutions into regular 
black holes with a finite area horizon. 

Many authors have considered black hole solutions in the presence of higher curvature 
terms. In general one does not expect the relation between entropy and area to be of 
the Bekenstein-Hawking form (|1 . 1| ) , this being specific to the Einstein-Hilbert form of the 
Lagrangian. For generic higher derivative actions, Wald has provided a formula for 
the macroscopic black hole entropy, generalizing the Bekenstein-Hawking relation ( |1 . 1| ) . 
In a beautiful series of papers, the authors of [|,[| discussed supersymmetric black hole 
solutions in the presence of higher curvature terms. They showed that, for a class of 
black hole solutions including those of [l], this entropy formula correctly reproduces the 
subleading corrections to the microscopic entropy.0 

Recently, Dabholkar @ showed that these higher curvature corrections have a pro- 
found effect on the physics of the zero-horizon black holes considered by Sen. Remarkably, 
in this case one can reproduce an infinite series of subleading corrections to the entropy. 
Inspired by this, J7| showed that, for broad class of solutions that classically have zero 
horizon area, the area becomes non-zero once quantum corrections are taken into account. 
Thus quantum effects convert an apparently pathological solution of General Relativity 
into a regular black hole with an event horizon. For these black holes, higher curvature 
corrections to the Bekenstein-Hawking relation ( |1.1|) are large - in this case, S = Aj '2, 
where A is the quantum corrected area. 

All of the above derivations rely on the supersymmetric attractor mechanism ||, 
which states that the moduli of the compactification manifold approach fixed values at the 
horizon. This ensures that the entropy of a black hole depends only on the charges and 
not on the asymptotic values of the moduli. Moreover, it allows one to study near-horizon 
properties of a black hole without ever solving for an explicit metric. 

In this note we will study the full geometry of these solutions, not just the near horizon 
behavior, and find the black hole metric including stringy higher-curvature corrections. We 
will consider the four dimensional effective theory found by compactifying type IIA on a 

1 This result is all the more remarkable given that Wald's original derivation applies only 
to non-supersymmetric black holes. Wald's prescription assumes the existence of a bifurcate 
Killing horizon. Moreover, it is based on the first law of thermodynamics, which assumes a finite 
temperature. Neither of these conditions holds for supersymmetric black holes, so in this case 
Wald's formula must be regarded as a conjecture. However, given it's success in reproducing 
microscopic entropy formulae, it is an extremely well motivated one! 
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Calabi-Yau three-fold. The resulting low energy action is d = 4, J\f = 2 supergravity 
coupled to vector and hyper multiplets - the number of such multiplets and the form of 
the couplings depends on the choice of Calabi-Yau. The four dimensional supersymmetric 
black holes of this theory correspond to configurations of branes wrapping various cycles in 
the internal Calabi-Yau. The metric can then be found by solving a BPS equation, whose 
form in the presence of higher curvature corrections is quite complicated || . 

The prototypical example of this set-up is type IIA string theory compactified on 
K3xT 2 . In this case one can construct two-charge black holes by wrapping Q4 D4-branes 
on K3, along with Qq DO-branes. This geometry is U-dual to the heterotic string black 
hole considered by ||, and also to the standard D1-D5 system. The microstates of this 
system may be counted exactly, leading to an entropy S = 4 % y/Qo Q4. 

In the absence of higher curvature corrections, the four dimensional metric is 

ds 2 = -e 2g dt 2 + e~ 2g (dr 2 + r 2 dfl 2 2 ) , (1.2) 

where 

Near r = 0, the metric becomes 

ds 2 = -p 2 dt 2 + Q Qa (4 dp 2 + p 2 dttl) , (1.4) 

where r = p 2 ^/QoQa- This solution is singular at r = p = 0, and has no event horizon. 
This is to be contrasted with the usual extremal Reissner-Nordstrom solution, which is of 
the form ( p..2| ) with e~ 2g = (1 + Q/r) 2 . This solution has a finite horizon, with area 47r Q 2 , 
and a near horizon AdS% x S 2 geometry. Typically, black holes with four or more charges 
are of the Reissner-Nordstrom type, and have a regular event horizon with finite area. 

In string theory, both a' and g s effects will lead to higher derivative terms in the 
low energy action. For type IIA strings on a Calabi-Yau, this includes terms of the form 
F g R 2 W 2g ~ 2 1 where W is the graviphoton field strength and the F g depend on the Kahler 
moduli of the Calabi-Yau. In string perturbation theory, such couplings arise at the g- 
loop level. In the language of M = 2 supersymmetry, these couplings are F-terms, which 
can be efficiently computed in topological string theory - in fact, F g is simply the g- loop 
topological string partition function. This led the authors of to conjecture a beautiful 
relation between topological string and black hole partition functions (see also |T0[]). 
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We will consider cases where the internal Calabi-Yau is large in string units, so higher 
order a' effects may be neglected. In this case the tree and loop level terms involving 
Fq and F\ are simple enough that the attractor equation can be solved explicitly. For 
K3 x T 2 the higher loop contributions F g> \ vanish, although in general such terms will be 
present. In any case, once one has solved the attractor equations the metric is completely 
determined by a Killing spinor equation. As we will describe, this equation is a non-linear 
second order differential equation, which is generally difficult to solve. Nevertheless, we 
can learn from this equation many important features of the geometry. Moreover, it can 
be solved numerically. This allows us to incorporate the one-loop g s corrections to the 
black hole solutions in a controlled fashion. 

We will show that once the higher curvature terms at one-loop are accounted for, the 
two-charge black hole is no longer described by the singular solution (|1.2|), (|1.3|). Instead, it 
is given by a regular black hole solution, with a timelike singularity hidden behind a finite- 
area event horizon. In many cases, the curvature of this horizon is large, so further g s and 
a' corrections may be neglected. The causal structure of the solution is then identical to 
that of the four charge supersymmetric black hole spacetime. The near-horizon geometry 
thus becomes AdSz x S 2 . Apart from these results, which might have been expected from 
the analysis of [0, we find some curious features. The metric component gtt is no longer 
a monotonic function of radius r. Instead, there are characteristic oscillations, whose 
period depends on the volume of some cycles in the internal Calabi-Yau. This implies that 
the gravitational potential is no longer purely attractive! An inertial observer could stay 
perched at a local minimum of the gravitational potential a finite, fixed distance from the 
black hole. This bizarre feature is due to the presence of higher derivative terms in the 
action which violate the energy conditions; in particular, we will see that the null energy 
condition is violated. It must be emphasized that there is a version of the positive energy 
theorem (PET) for these spacetimes by virtue of supersymmetry. Thus the total energy is 
positive definite, despite the presence of local pockets of negative energy density. 

We begin in Section 2 with a brief summary of the generalized attractor mechanism 
in the presence of higher curvature interactions, as described by [fU|. In Section 3 we 
analyze the Killing spinor equations for a class of Calabi-Yau compactifications, and infer 
some general properties of the resulting black hole solutions. In Section 4 we study in 
detail the two charge supersymmetric black holes, before concluding in Section 5. i 



While this paper was in preparation, reference [11] appeared, which discusses several similar 
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2. Review of Supersymmetric Attractor Mechanism 

In this section we review the construction of supersymmetric black hole solutions, 
including higher derivative R 2 corrections, given by [f| . This framework is appropriate for 
studying black holes geometries in d = 4, Af = 2 ungauged supergravity. As we describe in 
section 2.2, the Killing spinor equation for the metric in this case a second order differential 
equation. In section 2.3 we study this equation for Calabi-Yau compactifications of type 
IIA string theory, including tree level and one-loop contributions to the effective action. 
We discuss the special case of K3 x T 2 in 2.4. 



2.1. Basic Setup 

Before delving into details, we will first review the construction of Af = 2 supergravity 
actions with higher derivative terms. We will discuss here only a few salient details - a 
more complete review may be found in ||12|| , and references therein. 



We start with a gauged Af = 2 super conformal theory in four dimensions. The field 
content of the theory, known as the Weyl multiplet, contains one gauge field for each gen- 
erator of the SO(4, 2) superconformal group. This includes a veirbein and spin connection, 
which gauge translations and Lorentz transformations, as well as other fields that gauge 
dilatations, special conformal transformations and the various fermionic symmetries. This 
superconformal theory has the advantage that higher curvature terms are relatively easy 
to construct. To relate this to standard Af = 2 supergravity, it is necessary to gauge fix 
the superconformal symmetry down to Af = 2 Poincare supersymmetry. This is achieved 
by the introduction of an extra multiplet, known as the conformal compensator, whose 
details will not be important for the current discussion. We will not review the details of 
the gauged superconformal theory, but instead simply quote the results as needed. 

The low energy theory also includes n v + 1 vector multiplets, labeled by an index 
/ = 0, • • • , n v . One linear combination of these vector fields is the graviphoton, and the 
others are associated with deformations of the internal Calabi-Yau. The Weyl multiplet 
does not include the graviphoton, which gauges the central U(l) of the theory, so we 
have included it explicitly as a vector multiplet. The lowest components of the vector 
multiplets are n v + l complex scalars X 1 . In type IIA string theory, the X 1 are projective 
coordinates parameterizing the Kahler moduli space of an internal Calabi-Yau. The theory 



issues for the K3 x T black holes. 
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also includes hypermultiplets, which are related to complex structure deformations of the 
Calabi-Yau, but these will not be important for our discussion. 

The couplings between the vector and Weyl multiplets are summarized by a prepoten- 
tial FiX^W 2 ), where W 2 is the square of the graviphoton field strength. The function 
F is holomorphic in the X 1 and obeys the homogeneity condition 

2X 1 Fr + W 2 F W 2 = F . (2.1) 

Here Fj and F W 2 denote partial derivatives of F with respect to X 1 and W 2 , respectively. 

When F is independent of W 2 , this is the usual holomorphic prepotential. When 
F contains a term linear in W 2 , the action includes curvature squared interactions. In 
general, we may expand the prepotential as 

oo 

F(X I 1 W 2 )=^F g (X I )W 29 . (2.2) 

In IIA string perturbation theory, the g th term in this expansion appears as the g-loop 
level. To see this, recall that the dilaton, which determines the string coupling, lives in a 
hypermultiplet. The coupling between vector and hyper multiplets is highly constrained 
in M = 2 theories, completely fixing the dependence of the terms in (|2.2| ) on g s . The 
coefficients F g (X ) are most readily computed in terms of a topological string partition 
function. We will write down a few explicit prepotentials in sections 2.3 and 2.4. 

2.2. Black Hole Solutions 

We will follow the notation used in ||, who discussed attractor and Killing spinor 
equations for stationary multi-center solutions. We will consider here only static, spheri- 
cally symmetric black hole solutions of the form 

ds 2 = -e 2 9 alt 2 + e~ 2 9 {air 2 + r 2 alti 2 ) . (2.3) 

The electric and magnetic charges of the solution are denoted p 1 and qi, where 7 = 0,..., n v . 
The solution depends on these charges via the harmonic functions 

H\r) = h 1 + ^ , H T (r) = + ^ , (2.4) 
where h 1 and hj are constants related to the asymptotic values of the moduli X 1 . 
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The moduli X 1 will in general depend on r, and are determined in terms of the 



harmonic functions fl2.4| ) by a set of stabilization equations [|13l , |14}| . In terms of the rescaled 
variables 

Y 1 = e K ' 2 ZX I , T = e K Z 2 W 2 
e ~ K = i^Fr - FjX 1 ), Z = e K ^ 2 (p I F I - qjX 1 )) 

the stabilization equations are 



(2.5) 



(2.6) 



r z -r J = iH I 

F I (Y,T)-F I (Y,t) = iH I . 
In addition, the graviphoton field strength is fixed to be 

T = -64 (V p g) 2 . (2.7) 

Having fixed the moduli, the metric is determined by a BPS equation, which takes 
the form || i 

i [Y 1 Fj(Y, T) - -F/(F, T) Y 1 ] - e~ 2g = 128 ie 9 V p [ (y p e~ g ) (F r - F r )] . (2.8) 
The indices p, q label the three flat spatial directions. 

2. 3. Calabi- Yau Black Holes 

For type IIA string theory on a generic Calabi- Yau, the number of vector multiplets 
n v is fixed by the topology of the Calabi- Yau - roughly, it counts the number of four- 
cycles in the Calabi- Yau. The moduli Y 1 then measure the sizes of these cycles. When 
the Calabi- Yau is large, so that a' corrections may be neglected, the first two terms in the 
pre-potential are 

yAyByC A A Y A 

F{Y\ T) = D ABC + T . (2.9) 

Here Dabc is related to the intersection numbers and oIa is given by the second Chern class 
of the Calabi- Yau dotted into the various four-cycles. The constraint that a' corrections 
are small requires that certain ratios of the charges be taken large. 



3 The authors of Q included a constant x m their discussion of the BPS equations, which sets 
the normalization of the Einstein-Hilbert term in the Lagrangian. We have set here x = ~ 2- 
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For this prepotential the attractor equations (|2.6|) can be solved exactly if we take 
H° = 0. To this end, we define D AB = D ABC H c and its inverse D AB D BC = 6%. Then § 



y a 
Y° 



— H A + — Y° D AB H B , 
2 6 

\D-d A H^T 

H + ±DAB Ha H b 



(2.10) 



where 



r2.11) 



D = D ABC H A H B H c . 

When D AB is not invertible, the matrix D AB in these expressions is replaced by the 
pseudo-inverse of D AB - 

From fling), it follows that 



i [Y'F I -Y I F I ]=-g s + 2r dAtfA 



Fj- — Fy 



Y° 
d A H A 
Y° ' 



Y° 



[2.12) 



If we define 



a(r) = Hq + — H A D H B , 
b(r) = 64d A H A , 



(2.13) 



d(r) = D = D ABC H A H B H c 



then, using (|2.7|) , and ( |2.10|) , we find 



d(r) + 4 g'(r) 2 b(r) 



In addition, introducing 



4o(r) 
b(r) 



we can write 



as 



e -2g(r) = +2 



yo 



€(r) ( g"(r) + - g'(r) ) + f (r) g'(r) 



(2.14) 



(2.15) 



(2.16) 



While we have reduced the problem of finding the metric to solving a differential equation, 
this is still a fairly complicated non-linear problem. 



4 We are using the fact that (2.7) implies that T is real. For stationary solutions this is no 
longer guaranteed. 
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24- The K3 x T 2 Example 

Let us now consider a special example, where the Calabi-Yau is K3 xT 2 . In this case 
the resulting low energy theory actually has M = 4 supersymmetry, but we will continue 
to use the use the M = 2 language. There are now 24 vector multiplets, corresponding to 
the two cycle of T 2 , the 22 two-cycles of K3, and the graviphoton. The prepotential takes 
the form 



F{Y',T) = - (^C aP Y«Y? fix) 



(2.17) 



where a, (3 = 2, ■ ■ - 23 label the two-cycles of K3 and C a p is the intersection matrix of 
K3. For a general Calabi-Yau there will be loop corrections of order T 2 and higher to 
the prepotential. However, for K3 x T 2 these additional contributions vanish and the 
prepotential has only tree-level and one loop contributions. This full, quantum corrected 
prepotential can be found exactly (see e.g. Eq. (19) of ||), although we will focus only on 
terms that are tree level in a', which are given by (|2.17|) . 

We are interested in black hole solutions corresponding to the D0-D4 systems discussed 
in the introduction. For these black holes, it is sufficient to take 



H 1 = 
If we define 



1 + 



Qa 



Ha 



1 + 



Qo 



H a = h a 



. 



(2.18) 



Y 




f3=-C ab h a h b 



(2.19) 



C(r) 



+ g 
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then the equation of motion for the metric is 



~ 2 9 = f3( + 2 



(2.20) 



Solutions to (|2.20|) then describe g s -corrected black hole geometries. 



3. Black Hole Solutions: General Structure 

In this section we study the solutions to the Killing spinor equation ( |2.16| ). The 
solutions are difficult to find analytically, but we will see that nevertheless one can extract 
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the causal structure. We will consider a broad class of Calabi-Yau black holes, which 
classically (i.e., without R 2 corrections) have null singularities and zero horizon area. We 
show that once higher curvature corrections are added, the horizon becomes non-singular 
and the causal structure is identical to that of the familiar extremal Reissner-Nordstrom 
solution. 

3.1. Leading Order Solutions 

First, we review the solutions in the absence of R 2 corrections. The g"(r) and g'(r) 
terms drop out of the Killing spinor equation ( |2.16|) , and the warp factor e~ 2g in the metric 
is determined algebraically: 

e ~ 2g = 2y/d(r)a(r) . (3.1) 
At infinity the solution is asymptotically flat, with 

e 2g -> 1 , r -> oo , (3.2) 

provided we adjust the asymptotic values of the moduli (h A , Ha) appropriately. When a 
sufficient number of magnetic charges p A are non zero, so that Dabc P A P B P C 7^ 0, the 
solution has the form 

e 2g -> (^-] , r -> (3.3) 



R 



near the origin. Here 



Ro = VDABcP A P B P c qo (3.4) 

where q~o = qo + D AB <7b, with D AB the (pseudo) inverse of DabcP C - When R ^ 
the geometry has a non-singular event horizon of area 4-rt Rq, and the near horizon 
geometry is AdS 2 x S 2 . 

For the rest of this paper, we will consider solutions with DabcP A P B P C — 0. In 
this case the radius ( |3.4| ) vanishes and the function e 2g vanishes more slowly as r —>■ 0. In 
particular, 

e 2g ~ r Q , r -> , (3.5) 

where a is ^, 1, or | depending on the number of non- vanishing magnetic charges. For 
these solutions the curvature diverges as r — > 0. For the D0-D4 system on K3 xT 2 ,a = 1, 
as can be seen from (|1 . 2\) . In any case, the curvature singularity is null, and coincides with 



the horizon at r = 0. The Penrose diagram for these black holes is shown in Fig.l. We 
will now move on to the R 2 corrected metric. 
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Fig. 1: Penrose diagram for the classical black hole with vanishing horizon 
area. 



3.2. Asymptotic Behavior 

Before delving into details, we will first consider the asymptotic behavior of the solu- 
tions to the Killing spinor equation (|2.16|) . 

At r — > oo, the differential equation 16| ) simplifies considerably. We have 



e 



-23 



2 y/a(r) d(r) , (3.6) 



plus corrections at O (r -3 ). This goes to a constant out at infinity, indicating that the 
space is asymptotically flat. Moreover, by an appropriate choice of the asymptotic values 
of the moduli (Iia, h A ) we can ensure that e 2g — > 1. Of course, this is provided that 
Dabc h A h B h and ho + j^D AB hAhs are non-zero. As is clear from (|3.6|), we will find 
a non-asymptotically flat geometry when either of these quantities vanish. For instance, 
consider the simple case 

H A = 0,\/a^l, and H 1 ^ . (3.7) 
Then from (pT3|) and (gUp we find that 



d(r) = 0, and Y° = g'(r)* (3.1 



a(r) 



It is easy to show that ( |2.16| ) reduces for this special case to 

d 1 2 



c. 2 3 = 2 — Ja(r) b(r) + -J air) b(r) . (3.9) 
dr r 
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This implies that e~ 2g — > c/r, with c = 4y/a^b^, for large r. The metric is not asymp- 
totically flat, i To understand this, note that (|3.7| ) implies that at large r we are driven 
towards a singular point in the Calabi-Yau moduli space. In particular, as r — > oo some of 
the ratios Y A /Y° 7 which measure sizes of cycles in the internal Calabi-Yau, become small. 
Thus a' effects can no longer be neglected. This effect is seen from the four dimensional 
perspective as a non-asymptotically flat geometry. For the rest of the paper we will ensure 
that this does not happen by choosing constants such that a(r) and d(r) are 

non-zero at large r. 

Let us now consider the metric at r — > 0. Once higher curvature corrections are taken 
into account, 

2 

r -> , (3.10) 

so the near horizon geometry is AdS2 x S 2 , with finite radius Rq. To see this, note that 
with the ansatz ( |3.10|) the Killing spinor equation ( |2.16| ) becomes 

e~ 2g = ^ Vd A p A qo (3.11) 

plus sub-leading corrections of order O(r). i This implies that the solution takes the form 
( HUPP , provided 

R = V2(d A p A q ) 1/4 (3.12) 
is non-zero. This corresponds to a horizon area 

A = 4ne- 2gir) r 2 \ r=0 = 8n^d A p A q , (3.13) 

which agrees with the result of 0. Note that we could have concluded this earlier, from 
(j3.9|) . Even though the choice of moduli ( |3.7|) leads to problems in the asymptotic form 
of the metric, the supersymmetric attractor mechanism guarantees that the near horizon 
physics is independent of this asymptotic behavior. Typically, by taking qo,p A ^> 1 this 
area can be made macroscopic, ie.much larger than the string or Planck scale. 

5 Strangely enough, the asymptotic metric in this case looks like the singular near-horizon 
metric ( |1.4[ ). We should remark here that there is no singularity in this case. The geometry ( |L4| ) 
is singular only as r — > 0; for large r it is a geodesically complete spacetime. 

6 We have used the fact that, since we are considering solutions with Dabc p A p B p C = 0, the 
function D/Y° may be neglected as r — > 0. 

We should emphasize that this holds only for the generic case - for K3 x T 2 , the string 
coupling is determined by the charges (due to the enhanced J\f = 4 supersymmetry) . In this case, 
the resulting horizon is string scale. 
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3.3. Horizons and Singularities 

Having understood the asymptotic behavior of the solution, we can now ask what 
happens in the intermediate region where r is finite and non-zero. The Killing spinor 
equation is quite difficult to solve analytically, but we may nevertheless establish several 
results concerning the causal structure of the solution. 

First, we would like to ask whether the R 2 corrections lead to additional singularities 
or horizons at finite r. In the parameterization ( |2.3| ), these correspond to points where e 2g 
diverges or vanishes at finite values of r 7^ 0. We will now demonstrate that this is not the 
case, and that the metric is smooth and non-degenerate for all positive values of r. 

Let us assume was have such a point, where \g\ -> 00 at a finite, positive value of 
r = r a . At this point, both |<7'(r)| and Yq ~ |(/(r)| diverge. The Killing equation ( |2.16| ) 
then implies that 

1 f2 



r) a(r) . (3-14) 



It is straightforward to see that the right hand side is finite and non-zero for any finite 
r Q . This contradicts our assumption that \g\ — ► 00, so we conclude that the solution is 
non-singular and non-degenerate. 



4. Black Holes Solutions: Detailed Analysis 



We now turn to a detailed analysis of ( 2.16 ), which as we have seen is difficult to treat 



analytically, i We will see that the numerical solutions provide a good deal of information 
about the spacetime and are quite robust. 

4-1. Numerical Solutions 

In this section we describe numerical solutions to the Killing spinor equation ( |2.16| ), 
which verify the analytic arguments of the previous section. For simplicity, we will consider 
the case where all but one of the magnetic charges vanishes. This includes the two-charge 
black hole configurations on K3 x T 2 , mentioned earlier and the subject of ||. 



One could consider series solutions to ( 2.16| ); however, expanding e 2j in a power series 



around the origin or around r = 00, we find that successive series terms tend to lower the radius 
of convergence. One possibility is to resum the resulting series and analytically continue beyond 
the domain of convergence, obtaining a closed form solution. Unfortunately, this method proves 
too complicated, so we turn to numerical solutions. 



13 



=2 9 



,2g 



0.3 



0.2 



0.1 




0. 95 




10" 



Fig. 2: Plot of the function e 2g for Q = 500 and Q 4 = 60. The first 
plot shows the behavior of the function for small r, and the second plot the 
behavior at large r. 
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Fig. 3: Plot of the function e 2g for Q = 500 and Q4 = 60. The divergence 
of the function as r — > — Q4 is indicative of a singularity. 



In this case, one can find a constant 7 such that 




<Kr) = 1 *d A H A =► yo = 4/-L.+^2 /M , ( 4.i) 



a(r) 

and the equations of motion simplify considerably. In fact, it is easy to see that ( |2.16 ) can 



be written in the form ( |2.20| ), with 7 2 = 64 (3. We will henceforth concentrate on equation 
( p.20|) , with the various parameters as defined in (|2.18|) , (|2.19| ). This allows us to make 
contact with (|1.2|) at various stages of the analysis. 



First, note that for an asymptotically flat solution, we need to choose (3 = 1/4. This 
ensures that the metric is correctly normalized at infinity, i.e., e 2g — > 1. In Fig. 2, we show 
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the numerical solution for the case Qo = 500 and Q4 = 60. In Fig. 3, we extend the same 
solution to negative values of r - this is the region behind the horizon. One can find such 
solutions for any choice of (Qo,Q4, (3). In determining the boundary conditions for the 
numerical evolution we make use of the series solution around r = to set the value of 
the g(r) and g'(r). As can be seen from the plots Fig. 2, this solution satisfies the required 
near-horizon and asymptotic behavior, viz., AdS2 x £ 2 and asymptotically flat (since the 
oscillations die out at infinity). 

4-2. Non-Monotonic Metric Functions 

The most striking feature of the solutions Fig. 2 and Fig. 3 is that the metric function 
e 2g is not monotonic. i This is in marked contrast with the leading order solution ( |1.2|) . 
One can check numerically that the period of the oscillations is independent of the charges. 
In fact, the oscillation frequency u is given by 



to = VP , (4-3) 

so that the separation between local maxima is 2n/y/j3. Note that the characteristic 
oscillation period is set by the volume of some cycle of the Calabi-Yau at large r. For 
example, it is easy to check that Y 1 /Y° — > 2/y/]3 as r —>■ 00, for this class of examples. 

The main effect of the non-monotone metric function is that there are inertial ob- 
servers, who can sit at a fixed constant distance away from the black hole; the gravita- 
tional force felt by an inertial observer will not be universally attractive towards the origin. 
Instead, there will be small regions where the force is repulsive. To see this, note that the 
function e 2g is the gravitational potential felt by a timelike geodesic. In particular, timelike 
radial geodesies, parameterized by an affine parameter s, are given by 



r 2 



= E 2 -e 2 \ t(s)=E f e" 29(r(s,) W, (4.4) 



9 Curiously, integrating in from r = 00 with appropriate boundary conditions, e 2 9 is monotonic 
but encounters a singularity at some r > 0. Since we are interested in solutions with a regular 
horizon we discard this solution as unphysical. 

10 To understand this feature analytically, note that when g is small, the equation of motion 
( 2.20| ) becomes 

(d 2 + 0) e 29 = C 1 ■ (4.2) 

Thus in this regime the e 2g takes the form of a homogeneous solution, which is periodic with 
frequency \/]3, plus a non-periodic particular solution. 
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Fig. 4: Plot of R^ u £^ to demonstrate failure of the null energy condition. 
One again we choose Qq = 500 and Q4 = 60. is chosen to be the null 
vector tangent to radial null geodesies. 



where E is a constant of motion. The dynamics are simply that of a particle of energy 
E 2 moving in a potential e 2g . An inertial observer may then sit at a finite value of r 
where e 2ff is at a local minimum, where the attractive and repulsive gravitational forces 
are balanced. 

The reason for the bizarre behavior can be traced to the fact that the R 2 terms vio- 
late energy conditions. In this event, it is possible to have local pockets of negative energy 
density, which will manifest themselves in the form of repulsive gravitational force. Given 
the numerical solution for the metric, it is easy to check this violation of energy conditions. 
Of course, since we have a higher derivative action, it is not clear how we should define the 
stress tensor. One option is to incorporate the higher derivative terms as explicit contribu- 
tions to the stress tensor, writing the equation of motion schematically as = 87rT°, 
where T° includes both the matter and the higher derivative gravitational contributions. 
With this definition it is easy to define the energy conditions in the conventional fashion. 
For example, the null energy condition will require that £ M > for any null vector 
£ M . We show that this is not satisfied in the present example, by exhibiting a null vector 
for which Rn,v£,^ £, v is not positive definite in Fig. 4. It suffices to take £ M to be the null 
vector tangent to radial null geodesies in the (r, t) plane, i.e., £ = dt + f(r) d r . At the same 
time the supersymmetric nature of the solution guarantees us that these backgrounds re- 
spect the positive energy theorem (PET). This however only implies that the total energy 
of any excitation in the system is bounded from below by zero, with the supersymmetric 
black hole being the ground state. Since this is only a statement about the total energy as 
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measured by an asymptotic observer, there is no contradiction with the presence of local 
pockets of negative energy. 

We note in passing that, due to the violation of the energy conditions, the null con- 
vergence condition does not obviously follow from the Raychaudhuri equation. However, 
our spacetime satisfies the Averaged Null Energy Condition (ANEC), which requires that 
along every affinely parameterized inextendible null geodesic in the spacetime with tangent 
£ a and affine parameter A, 

r dXR^^C >0. (4.5) 



It can be shown that the focusing theorems are satisfied with the weakened ANEC ||15|| . 
This, in particular, should ensure that the area theorem holds for our spacetime. In fact, 
since the relation between entropy and area is S = A/ 2 @, in order for the second law of 
thermodynamics to be satisfied it is clear that the area theorem must be true. 



4-3. Causal Structure 

We will now investigate the causal structure of the higher-curvature corrected solu- 
tion. The causal structure is fixed completely by the radial null geodesies, which follow 
trajectories t(r) given by 

^(r) = ± J e- 23(r 'W. (4.6) 

Here t + and t~ denote ingoing and outgoing geodesies. Since the integrand is strictly 
positive and finite, t^(r) are strictly monotone and continuous functions of r. Moreover, 
we established that near r = and r = oo the form of e~ 2g is, up to overall constants, 
precisely that of the four charge black hole. These two results are sufficient to establish 
that these two geometries have precisely the same causal structure outside the horizon. 

From the full numerical solution we can verify concretely that the causal structure of 
the string-corrected two charge black holes is identical to that of the four charge super- 
symmetric black hole. First of all, note that the metric function e 2g is positive definite 
and finite for r > 0. So the (r, t) coordinates in (|2.3| ) are a good coordinate chart for r > 0, 
with being a timelike Killing vector. 

The coordinate chart breaks down at r = 0, where the Killing vector becomes null. 
A non-degenerate coordinate chart can be introduced following the standard route for 
constructing ingoing/outgoing Eddington coordinates: u, v = t T f e - 2 ^ r 'Ur'. All we 
learn from the exercise is that the surface r = is a null surface, which can be thought of 
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Fig. 5: Plot of the Ricci scalar for Qo = 500 and Q4 = 60. The divergence 
as r — > — Q4 indicates the location of the timelike singularity. 

as the Poincare horizon of the Bertotti- Robinson spacetime. Since this is just a coordinate 
singularity, we can continue to the region r < 0. Once again we find that the function e 2g 
is positive definite, and hence is a timelike Killing vector. However, we find that (we are 
assuming that Qo >> as is required to suppress a' corrections to the pre-potential) 

e 2s ^oo, r^-Q 4 , (4.7) 

implying that there is a singularity. One can indeed check this explicitly by considering 
the curvature invariants; for example, the Ricci scalar blows up as we approach r = —Q4 
as can be seen in Fig. 5. 

We conclude that the class of quantum corrections considered in this paper convert 
null singular spacetimes to regular black hole geometries. The Penrose diagram of this 
spacetime is therefore as shown in Fig. 6. 

5. Discussion 

We have considered supersymmetric black holes in four dimensions that arise in string 
theory compactified on a Calabi-Yau. Our focus has been on solutions which seem to have 
singular event horizons, when viewed as solutions to the low energy effective M = 2 su- 
pergravity theory. Quantum effects, in the form of higher derivative corrections to the 
Einstein-Hilbert action, serve to smooth out the horizon to a regular null hypersurface. 
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Fig. 6: Penrose diagram for the quantum corrected black hole. 

This result is valid for a large class of black holes which arise in Calabi-Yau compactifi- 
cations. Our main result is that the causal structure of the quantum corrected solution is 
identical to that of the four charge supersymmetric black hole in four dimensions. 

The quantum corrected metric exhibits a very unusual feature: the metric function 
is non-monotonic outside the horizon. To the best of our knowledge, this is the first 
example of a black hole with this feature. As a result, these black hole solutions admit 
inertial observers who can passively view the black hole from a fixed finite distance. This is 
possible because local pockets of negative energy are allowed by virtue of higher derivative 
terms which violate an energy condition. Furthermore, we have demonstrated that the 
spacetime satisfies the Averaged Null Energy Condition, which is sufficient to prove the 
area theorem in the present context. 

At this point we should ask to what extent our approximations are justified. We 
have incorporated the one-loop correction to the pre-potential, but have otherwise been 
working at tree level in a' . This is justified when we can take the Calabi-Yau to be large. 
However, the attractor mechanism does not always accord us this luxury, since it fixes 
the near- horizon behavior of the moduli. In the simplest case of K3 x T 2 , the size of the 
horizon is large in four dimensional Planck units, provided we choose the charges to be 
large. However, translating to string units, we find that the size is string scale, because the 
dilaton is fixed in terms of the charges by virtue of the M — 4 supersymmetry. To see this, 
note that the D0-D4 system is U-dual to a fundamental heterotic string with momentum 
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and winding proportional to the charges. Since we require that the supergravity solution 
reproduce the entropy of the fundamental string configuration, we are forced to be at the 



correspondence point [pL6 | , where the horizon size is string scale. 

For generic Calabi-Yau black holes, g s is not constrained by the charges, so by taking 
the charges to be large the horizon area can be made large in both string and Planck units. 
However, in this case there is another effect which may be relevant - as one increases the 
charges, the size of some cycles in the Calabi-Yau will grow. In general, one might therefore 
worry that there will be corrections due to Kaluza-Klein modes. Moreover, we would like to 
have a quantitative understanding of higher derivative terms which are not of the specific 
type considered here. Although in these cases the resulting equations are much more 
complicated, we hope to report on this in the near future. 

Note added: In it was pointed out that the oscillations in the numerical solution to 
( |2.16| ), do not die out rapidly enough as r — > oo. One can check that the asymptotic 
behaviour of the numerical solution is e 2g ~ cos(/3r) /r, which resembles a propagating 



mode. It was suggested in [|11| that an appropriate field redefinition be done to remove this 
effect as the propagating mode is a ghost mode, arising as a result of the field equations 
being higher order in derivatives. A field redefinition was suggested based on linearised 
analysis about flat space. We note that such a field redefinition will indeed change the 
asymptotics as desired by removing the offending cos (f3r) jr piece of the metric function. 
However, it is not clear that at the full non-linear level we will be able to remove the 
oscillations completely. Simple numerical experiments suggest that the oscillations in the 
bulk of the metric (for finite r) persist after the certain field redefinitions. It remains an 
open problem to determine the precise field redefinition for the problem at hand at the 
non-linear level and check their effect on the physical metric. We hope to return to this 
issue at a later stage. 
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